We study the equivalence of mixed states under local unitary transformations in bipartite system and three partite system. First we express quantum states in Bloch representation. Then based on the coefficient matrices, some invariants are constructed in terms of the products, trace and determinant of matrices. This method and results can be extended to multipartite high dimensional system.
I. INTRODUCTION
Quantum states of a composite system can be divided into entangled and separable. Entangled states are considered a necessary resource for quantum communication and quantum computation [1] . Two entangled states are said to be equivalent in implementing the same quantum information task if they can be obtained with certainty from each other via local operation and classical communication (LOCC). Mathematically, this LOCC equivalent class is defined such that within this class any two quantum states are interconvertible by local unitary (LU) operators [2] .
In recent years, there have been many results on the classification of quantum states under LU. For pure bipartite states, the equivalence under LU can be done by Schmidt decomposition [1] . For n-qubit pure states, a general way to determine the LU equivalence is proposed by Kraus [3] . Later, this method is reformed by Liu to solve the LU classification of high dimensional multipartite pure states [4] . For pure multipartite states, the classification under LU is studied by [5, 6] . For mixed states, a necessary and sufficient criterion of the LU equivalence for general multipartite states based on matrix realignment is presented in Ref. [7] . In Ref. [8] , a computable criterion based on Bloch representation is presented for n-qubit mixed states. By this method, we also considered LU equivalence of isotropic-like states [9] . Ref. [10] derives some necessary and sufficient conditions for arbitrary multi-mode (pure or mixed) Gaussian states to be equivalent under Gaussian local unitary operations.
Ref. [11] discusses the LU problem of graph states and hypergraph states.
Another method to study the LU equivalence of quantum states is invariant. There have many results on calculation of invariants related to the equivalence of quantum states under LU transformations. In Ref. [12] , a complete set of 18 polynomial invariants is presented for the local unitary equivalence of two-qubit mixed states. Partial results have been obtained for three-qubit states [13] and some generic mixed states [14] [15] [16] [17] . For mixed states, Ref.
[18] solves the local unitary equivalence problem of arbitrary dimensional bipartite nondegenerated quantum systems by presenting a complete set of invariants. Recently, Ref. [19] derives necessary and sufficient conditions for the LU equivalence of two general n-qubit states using the 1-qubit reduced states of the given multiqubit states. Ref. [20] presents a complete set of local unitary invariants for generic multi-qubit systems which gives necessary and sufficient conditions for two states being local unitary equivalent. These invariants are canonical polynomial functions in terms of the generalized Bloch representation of quantum states.
In this article we consider the LU problem for quantum states in terms of Bloch representation in bipartite system and three partite system. We give a series of invariants by the coefficient matrices under Bloch representation, which are necessary conditions for the LU equivalence. This method and result can be extended to multipartite high dimensional system.
II. LU INVARIANTS OF BIPARTITE QUANTUM STATES
Now, we consider bipartite systems in a
Two bipartite states ρ and ρ ′ are said to be local unitary equivalent if there exist unitary
For simplicity, we use λ 
B can be decomposed in the following way:
where
Proof: Firstly,
Secondly,
These two equations deduce to O ij =Ō ij and O ij ∈ R, whereŌ ij means conjugate of O ij .
Then due to
Since {λ i } is an orthogonal basis of traceless Hermitian matrix of order d, so
also an orthogonal basis.
Finally, we can get that
where O t is a transitional matrix between the orthogonal bases λ i and 
Proof:
Comparing the end of above equality and Eq. (3), we can obtain that
Similarly, we also arrive at
Based on the coefficient matrices S, R, and T , we can construct the following invariants for quantum states under the local unitary equivalence. 
Proof: First we construct two sets of vectors,
The first set is consisted by d 
Employing these two sets Ω 1 and Ω 2 , we get
Next, we only need to determine the scope of α. Because RR t is a (d Now we check the third set of invariants. Let µ i be the eigenvalue of RR t and µ
. We all know that the characteristic
, which is the singular value of R. The invariance of singular values of R is equivalent to the invariance of tr(RR t ) β . Next we need to determine the scope of β. Because 
III. LU INVARIANTS OF THREE PARTITE QUANTUM STATES
Now, we consider three partite systems in a
Two three partite states ρ and ρ ′ are said to be local unitary equivalent if there exist unitary operators
In general, mixed states ρ and ρ ′ acting on H A ⊗ H B ⊗ H C can be decomposed in the following way:
R is a hypermatrix. If we regard its first subscript as the row index and the other two as column index, then R can be written as R 1|23 . If we regard the second subscript as the row index and the other two as column index, then R can be written as R 2|13 . At last, if we regard the third subscript as the row index and the other two as column index, then R can be written as R 3|12 .
By the method which is similar to the proof of Lemma 2, we can obtain
Based on these relations of coefficient matrices of ρ and ρ ′ , we first define six sets of matrices as follows.
Here the set Ω m is consisted by d 
Proof: For the first set of quantities, one can verify they are invariant under local unitary transformations considering the invariance of inner product of two elements in Ω m
and Ω m ⊗ Ω n , m, n = 1, 2, 3. For example,
The scope of powers α m and α mn can be easily derived by the orders of the coefficient matrices and Cayley-Hamilton theorem.
In three partite systems, the coefficient matrices T and R can be represented in more than one way. For example, we can regard T 12 as a vector or a matrix with the first subscript as the row index and the second as the column index. More than that, we can also regard R 123 as a matrix or a large dimensional vector. 
IV. CONCLUSION AND DISCUSSIONS
We studied the local unitary equivalence of quantum states in terms of invariants. In bipartite system, we expand quantum states in Bloch representation first. Then some invariants under local unitary transformation are constructed by the products, the singular values and the determinant of coefficient matrix. Similarly, we get the invariants for three partite system. This method and result can be generalized to high dimensional multipartite system.
